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The polarization of radiation by scattering on an atom embedded in combined external quadrupole electric and uniform
magnetic ﬁelds is studied theoretically. Limiting cases of scattering under Zeeman effect, and Hanle effect in weak
magnetic ﬁelds are discussed. The theory is general enough to handle scattering in intermediate magnetic ﬁelds
(Hanle–Zeeman effect) and for arbitrary orientation of magnetic ﬁeld. The quadrupolar electric ﬁeld produces asymmetric
line shifts, and causes interesting level-crossing phenomena either in the absence of an ambient magnetic ﬁeld, or in its
presence. It is shown that the quadrupolar electric ﬁeld produces an additional depolarization in the Q=I proﬁles and
rotation of the plane of polarization in the U=I proﬁle over and above that arising from magnetic ﬁeld itself. This
characteristic may have a diagnostic potential to detect steady-state and time-varying electric ﬁelds that surround radiating
atoms in solar atmospheric layers.
r 2007 Elsevier Ltd. All rights reserved.
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Scattering of polarized radiation by an atom is a topic of considerable interest to astrophysics ever since
Hale [1] ﬁrst observed polarization related to Zeeman effect in spectral lines originating in Sun spots. The
polarized radiation is usually expressed in terms of the Stokes parameters. The concept of scattering matrix
connecting the Stokes vector S0 of incident radiation to the Stokes vector S of scattered radiation was
introduced quite early in the context of Rayleigh scattering [2]. Polarized radiation in spectral lines formed in
the presence of an external magnetic ﬁeld has been studied widely and a comprehensive theoretical framework
has been developed [3–15]. The Hanle effect is a depolarizing phenomenon which arises due to ‘partiallye front matter r 2007 Elsevier Ltd. All rights reserved.
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same order or less than the natural widths. Favati et al. [16] proposed the name ‘second Hanle effect’ for a
similar effect in ‘electrostatic ﬁelds’. Casini and Landi Degl’Innocenti [17] have discussed the problem in the
presence of electric and magnetic ﬁelds for the particular case of hydrogen Lyman a line. It was followed by a
more recent paper by Casini [18]. The relative contributions of static external electric ﬁelds, motional electric
ﬁelds and magnetic ﬁelds in the case of hydrogen Balmer lines, have been studied by Brillant et al. [19]. A
historical perspective and extensive references to earlier literature on polarized line scattering can be found in
Stenﬂo [12], Trujillo Bueno et al. [20] and Landi Degl’Innocenti and Landolﬁ [21].
A quantum electrodynamic theory of Hanle–Zeeman redistribution matrices has been developed by
Bommier [10,11] and Landi Degl’Innocenti and co-workers (see the book by [21]). The formulation presented
in [10,11] includes the effects of partial frequency redistribution (PRD) in line scattering for a two-level atom.
It is a perturbation theory, in which PRD effects appear in the fourth order. The theory presented in [21] and
references cited therein, considers only complete frequency redistribution (CRD) in line scattering.
A classical theory of line scattering PRD for the Hanle–Zeeman effect has been formulated by Bommier and
Stenﬂo [15]. This theory is non-perturbative and describes the scattering process in a transparent way. The
classical theory for Hanle–Zeeman scattering developed by Stenﬂo [14] considered only coherent scattering in
the laboratory frame. In [15] the redistribution matrices were derived in the atomic rest frame. The
corresponding laboratory frame redistribution matrices have been derived in [22]. The equivalence between the
classical (non-perturbative theory) and quantum electrodynamic (perturbative theory) redistribution matrices
for the triplet case is established in [23]. In all these papers only the dipole type line scattering transitions in the
presence of pure magnetic ﬁelds is considered. Taking into account all higher order multipoles as well,
polarization of line radiation in the presence of external electric quadrupole and uniform magnetic ﬁelds was
studied [24,25], where scattering of radiation by atoms, however, was not considered.
The purpose of the present paper is to develop a quantum electrodynamical approach to scattering
processes in the presence of external electric and magnetic ﬁelds of ‘arbitrary strengths’, taking also into
consideration all other multipole type transitions apart from the usually dominant electric dipole transition.
The atomic electron is represented using non-relativistic quantum theory including spin. The radiation ﬁeld is
described in terms of its electric and magnetic multipole states, in a second quantized formalism. The external
electric ﬁeld is assumed to be ‘quadrupolar’ in nature, while the magnetic ﬁeld is uniform and arbitrarily
oriented with reference to the principal axes frame (PAF) of the electric quadrupole ﬁeld. This general
formalism can be employed also to solve the scattering problems involving linear steady-state electric ﬁelds at
the radiating atom.
In Section 2 we describe the theoretical formulation. In Section 3 the scattering matrix for the general
physical situation is derived. The particular case of the dipole transitions for a triplet is also considered, for the
purpose of comparison with Stenﬂo [14] in the pure magnetic ﬁeld limit. Section 4 contains numerical results
and discussions. Conclusions are presented in Section 5.2. Theoretical formalism for scattering
We consider polarized radiation incident on an atom along an arbitrary direction ðy0;f0Þ and getting
scattered into a direction ðy;fÞ with respect to a conveniently chosen right-handed Cartesian coordinate
system, referred to as the astrophysical reference frame (ARF) and shown as ðX ; Y ; ZÞ in Fig. 1. If n0 and n
denote, respectively, the frequencies of the incident and scattered radiation, we may deﬁne wave vectors k0 and
k with polar co-ordinates ðk0; y0;f0Þ and ðk; y;fÞ where k0 ¼ 2pn0 ¼ o0 and k ¼ 2pn ¼ o in natural units with
_ ¼ 1; c ¼ 1 and mass of the electron me ¼ 1. The atom is exposed to an external magnetic ﬁeld B with
strength B, directed along ðyB;fBÞ and an electric quadrupole ﬁeld characterized by strength A and asymmetry
parameter Z in its PAF, which is denoted by ðX Q; Y Q; ZQÞ in Fig. 1. The transformation to PAF from ARF is
achieved by a rotation RðaQ; bQ; gQÞ through Euler angles ðaQ;bQ; gQÞ as deﬁned by Rose [26]. The magnetic
ﬁeld B is directed along ðeyB; efBÞwith respect to PAF. Following Rose [26], we deﬁne left and right circular
states of polarization ^m (m ¼ 1), respectively, which are mutually orthogonal to each other and to k.
We use here the symbol ^m¼1 instead of u^p¼1 employed in Rose [26]. Likewise ^
0
















Fig. 1. The scattering geometry: ðX Q;Y Q;ZQÞ refers to the principal axes frame (PAF) characterizing the electric quadrupole ﬁeld. The
radiation is incident along ðy0;f0Þ and scattered along ðy;fÞ with respect to the astrophysical reference frame (ARF) denoted by ðX ;Y ;ZÞ.
The magnetic ﬁeld ~B is oriented along ðeyB; efBÞ with reference to PAF and ðyB;fBÞ with reference to the ARF (the azimuthal angles efB and
fB are not marked in the ﬁgure).
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c0þ1^
0
þ1 þ c01^01 using appropriate coefﬁcients c01, which are in general complex and satisfy
jc0þ1j2 þ jc01j2 ¼ 1.We, therefore, denote the orthonormal states of polarized incident radiation by jk0;m0i,
with m0 ¼ 1. We seek the probability for scattering into two polarized states of scattered radiation jk;mi,
m ¼ 1 on an atom which is initially in a state ci with energy Ei before scattering and makes a transition to a
ﬁnal state cf with energy Ef , in the process of scattering of polarized radiation.
2.1. Energy levels of an atom in electric quadrupole and uniform magnetic fields
The energy levels of an electron in an atom are primarily determined by the Hamiltonian
H0 ¼ 12r2 þ V ðrÞ, (1)
where V ðrÞ denotes its Coulomb interaction with the nucleus. If we start with the Dirac equation [17] and use
its non-relativistic reduction, terms like spin–orbit interaction may also be included in H0. In the absence of










where e denotes the charge of the electron, rij ¼ jri  rjj and Z denotes the atomic number. If E denotes an
energy level and c the corresponding wave function of the atom with total angular momentum J, it is well
known in the context of Zeeman effect that E gets split into ð2J þ 1Þ equally spaced levels EM ¼ E þ gBM
with corresponding energy eigenstates jJMiB, M ¼ J; J  1; . . . ;J þ 1;J, when the atom is exposed to an
external uniform magnetic ﬁeld B with strength B. The states jJMiB are deﬁned with the axis of quantization
chosen along B and g denotes the magnetic-gyro ratio or Lande´ g-factor. For Bo100 gauss, when gB is of the
same order as the width of a line, Hanle effect [27] takes place. For a line in the optical range, the region
100oBo1000 gauss is generally referred to as the Hanle–Zeeman regime. For Bo1 gauss, one has to pay
attention to the interaction of electron with the magnetic and electric moments of the nucleus, which give rise
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combination with B, the splitting of the energy levels is not, in general, equally spaced [24,25,30,31] and in
such scenarios, the atomic Hamiltonian in PAF is given by
HA ¼ HA0 þ gJ  Bþ A½2J2z  J2x  J2y þ ZðJ2x  J2yÞ. (3)
The split energy levels may be denoted by Es, where s takes values s ¼ 1; 2; . . . ; ð2J þ 1Þ starting from the lowest




asMðA; Z; B;eyB; efBÞjJMiQ; s ¼ 1; 2; . . . ; ð2J þ 1Þ, (4)
where jJMiQ are deﬁned with the quantization axis chosen along the Z-axis, ZQ of the PAF. The notation cimu
was used in [25] for J ¼ 1; 3=2 to denote the expansion coefﬁcients, without any speciﬁed convention for ordering










DJmMðaQ;bQ; gQÞasM ðA; Z; B;eyB; efBÞ, (6)
where DJmM denotes Wigner’s D—functions deﬁned in [26]. Hence c
s
m depend on aQ;bQ; gQ; A; Z;B. If the
magnetic ﬁeld is absent, the csm depend only on aQ;bQ; gQ; A; Z since a
s
M in that case [24] depend only on A and Z.
It may be noted that the frame of reference employed in [24,25] was PAF itself, i.e., aQ;bQ; gQ ¼ 0; hence yB;fB
was used there instead of the eyB; efB here and the Euler angles ðaQ;bQ; gQÞ ﬁnd no mention there. It may be added
that DJmMð0; 0; 0Þ ¼ dmM . On the other hand, if the electric quadrupole ﬁeld is absent and the atom is exposed




DJmMðfB; yB; 0ÞdM;sJ1, (7)
which reduces to
csm ¼ ds;Jþmþ1, (8)
if the ﬁeld B is along the Z-axis of ARF itself.
In general, therefore, when the energy levels of an atom are deﬁned through HAcn ¼ Encn, the atomic wave
functions cn are of the form given by Eq. (5), which specialize appropriately to jJMiB or jJmi if Eq. (7) or
Eq. (8) is used instead of Eq. (6). Thus, in general, the complete set of orthonormal energy eigenstates of an
atom in a combined external electric quadrupole and uniform magnetic ﬁeld environment may be denoted by
fcng, where n is used as a collective index, which includes the serial number sn along with the total angular
momentum Jn and all other quantum numbers which may be needed to specify each cn uniquely. In the
presence of a pure magnetic ﬁeld B, the magnetic quantum number Mn replaces sn through the d-function in
Eq. (7). Moreover, if B is along the Z-axis of ARF itself, sn gets replaced by mn through the d-function in
Eq. (8).
In general, a summation over n as in
P
n jcnihcnj ¼ 1, implies a summation with respect to sn as well. This
summation over sn may be replaced by a summation with respect to Mn or mn in some particular cases as
mentioned above. The initial and ﬁnal states of the atom before and after scattering are denoted by ci and cf .
They also belong to fcng. We use the short-hand notation
jii ¼ jci; k0;m0i; jf i ¼ jcf ; k; mi. (9)
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It is well known that the local minimal coupling, i.e., c¯gncAn (with implied summation over n) of the Dirac
ﬁeld c and the electromagnetic ﬁeld represented by the four potential An; n ¼ 1; . . . ; 4 is the fundamental
interaction responsible for all electrodynamical process involving photons and electrons [32,33]. In the
interaction representation, c and An satisfy the free ﬁeld equations of Dirac and Maxwell, respectively. The
quantity c¯ ¼ cyg4, where cy denotes the hermitian conjugate of c and g1; g2; g3; g4 are 4 4 Dirac matrices. To
facilitate calculations using the atomic wave functions fcng, we may use the non-relativistic two componental
forms of c and c¯ in c number theory for electrons, retain the Maxwell ﬁeld in q number theory and represent
the interaction of the radiation ﬁeld in the Coulomb gauge with the atom as
H int ¼ eiHAt
XZ
j¼1
e iAðrj ; tÞ  rj þ 1
2
sj  ðrj  Aðrj ; tÞÞ
 
eiHAt, (10)
where sj denote the Pauli spin matrices of the electron labeled j located at rj and Z denotes the atomic number.
The quantum ﬁeld variable Aðr; tÞ in interaction representation may be expressed as










00t þ aþk00m00Ak00m00 ðrÞeio
00t, (11)
where o00 ¼ jk00j and the creation and annihilation operators, denoted by aþkm and akm, respectively, satisfy the
commutation relation
½akm; aþk0m0  ¼ dðk k0Þdmm0 (12)
for any pair k;m and k0;m0 in general, while
AkmðrÞ ¼ ^m eikr (13)
denotes a c number and AkmðrÞ denotes its complex conjugate. In particular, the operators are also used to
generate the initial and ﬁnal states of radiation in Eq. (9) through
jk0m0i ¼ aþk0m0 ji0; hkmj¼0hjakm, (14)
where ji0 denotes the vacuum state of the radiation ﬁeld.
2.3. The scattering process





where the evolution operator satisﬁes
Uðt; t0Þ ¼ 1 i
Z t
t0
dt0H intðt0ÞUðt0; t0Þ, (16)










dt2   
Z tN1
1
dtNH intðt1Þ   H intðtNÞ. (17)
Since H intðtÞ given by Eq. (10) is linear in A (see Eq. (11)), the ﬁrst-order ðN ¼ 1Þ term can contribute to either
absorption through the ﬁrst term in Eq. (11) or to emission through the second term in Eq. (11) and the
integral over dt1, from 1!1 leads to the respective energy conservation criteria of Bohr. In the scattering
problem under consideration, the lowest order (in e) contribution to hf jSjii is obtained from the N ¼ 2 term,
which we may denote as hf jSð2Þjii. We introduce Pn jcnihcnj ¼ 1 between H intðt1Þ and H intðt2Þ, neglect
contribution from two photons in the intermediate state and employ the notation jni ¼ jcniji0. This leads, on
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hnjH intðt2Þjii ¼Aniðk0;m0Þ e½iðEnEio0Þt2, (18)
hf jH intðt1Þjni ¼ Efnðk;mÞ e½iðEf þoEnÞt1, (19)
whereAniðk0;m0Þ and Efnðk; mÞ denote amplitudes for absorption and emission, involving Ak0m0 ðrjÞ and AkmðrjÞ
respectively, which are independent of time variable, instead of Aðrj ; tÞ. We may change the variable of
integration from t2 to t
0
2 ¼ t2  t1, ranging from 1! 0, associate a width Gn with cn by introducing a
factor expðGnt02Þ (see [35,36]) and obtain after completing both the integrations, the expression
hf jSð2Þjii ¼ 2pidðEf þ o Ei  o0ÞTfiðkm; k0m0Þ, (20)





and the proﬁle function is given by
fn ¼ ðonf  o iGnÞ1; onf ¼ En  Ef , (22)
on making use of En  Ei  o0 ¼ oni  o0 ¼ onf  o by virtue of the energy d-function in Eq. (20). Using


























where the matrix elements on the right-hand side satisfy
hJumujAðk; mÞjJ lmli ¼ hJ lmljEðk;mÞjJumui (24)





p iAk;m  r þ
1
2
s  ðr  Ak;mÞ
 
(25)
with respect to an electron in the atom. Since atomic transitions during absorption and emission conserve total
angular momentum and parity, we use the standard multipole expansion [26] for Ak;m given by Eq. (13), viz,





ðiÞL½LDLMmðf; y; 0Þ½AðmÞLM þ imAðeÞLM , (26)
where ½L ¼ ð2L þ 1Þ1=2 and ðy;fÞ denote polar angles of k, while AðmÞLM and AðeÞLM denote, respectively, the















p iAðm=eÞLM  r þ
1
2
s  ðr  Aðm=eÞLM Þ
 
(28)
is used. Noting that J
ðm=eÞ
LM ðoÞ is an irreducible tensor of rank L, we may apply the Wigner–Eckart theorem to
write
hJumujJðm=eÞLM ðoÞjJ lmli ¼ CðJ l; L; Ju; ml; M; muÞhJukJðm=eÞLM ðoÞkJ li. (29)
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hJumujAðk; mÞjJ lmli ¼Aðk;mÞmuml ¼
X
L
CðJ l; L; Ju; ml; M; muÞJLðoÞðimÞgþðLÞDLMmðf; y; 0Þ, (30)
where the reduced matrix elements are given by
JLðoÞ ¼ hJujjJðmÞL ðoÞjjJ ligðLÞ þ hJujjJðeÞL ðoÞjjJ ligþðLÞ, (31)
in terms of the projection operators
gðLÞ ¼ 12½1 ð1ÞLpupl. (32)
In the above equation pu;pl denote the parities of the upper and lower levels. Using Eq. (24), we have
hJ lmljEðk; mÞjJumui ¼ Eðk;mÞmlmu ¼
X
L
CðJ l; L; Ju; ml; M ; muÞJLðoÞðimÞgþðLÞDLMmðf; y; 0Þ. (33)
























n implies summation with respect to sn as well, and Aðk0; m0Þ and Eðk;mÞ denote
matrices, whose elements
hJnm0njAðk0;m0ÞjJim0ii ¼Aðk0;m0Þm0nm0i ;




may be written explicitly using Eqs. (30) and (33) and Gsn denotes a hermitian ð2Jn þ 1Þ  ð2Jn þ 1Þ matrix,








Clearly, the summation over n on right-hand side of Eq. (34) indicates a summation with respect to all the





sn¼1 , apart from summation with respect to other quantum numbers. The left-hand side of Eq. (34) is
written for a given ci and cf with energies Ei and Ef , respectively. The quantities si and sf are speciﬁed by left-
hand side of Eq. (34) and hence they are ﬁxed entities on right-hand side of Eq. (34).
In the absence of the electric quadrupole ﬁeld, the sf ; sn; si may be replaced, respectively, by appropriate
Mf ; Mn; Mi which are determined by the Kronecker d-function in Eq. (7), when the magnetic ﬁeld B alone is
















ðfB; yB; 0Þ with Mf and Mi being ﬁxed by left-hand side. It may be noted that fn depends on Mn and the




Mn¼Jn , with G




ðf; y; 0ÞDJnm0nMnðf; y; 0Þ
. (37)
If the magnetic ﬁeld B is along the Z-axis of ARF itself, the sf ; sn; si in Eq. (34) may, respectively, be replaced










mf and dm0imi , where mf and mi are ﬁxed by left-hand side of Eq. (34). Therefore, the summation with
respect to m0f and m
0




¼ 1 and csim0
i
¼ 1.




mn¼Jn , with G
sn replaced by Gmn , whose
elements are given by
Gmnm00nm0n ¼ dm00nmndm0nmn , (38)
i.e., Gsn gets replaced by a diagonal matrix with zeros everywhere except Gmnmnmn ¼ 1 in Eq. (34).
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0 and from cn to cf
consequent to the emission of o are virtual transitions, which do not satisfy the celebrated Bohr criteria. This
is in contrast to absorption or emission represented by the N ¼ 1 term. They are real transitions which satisfy
the Bohr criteria as already pointed out. The summation over n includes all atomic states cn with different
energy eigenvalues En. However, all of them do not contribute equally to Eq. (34). The presence of fn on
right-hand side of Eq. (34) indicates that one has to pay more attention to contributions coming from those
states cn with En close to Ei þ o0 ¼ Ef þ o. If there is an En such that En ¼ Ei þ o0 ¼ Ef þ o, the
contribution from this state alone overshadows all other contributions. The scattering is then referred to as
resonance scattering. In particular, if Ei ¼ Ef the terminology ‘two-level resonance scattering’ is employed.
This is shown as (a) in Fig. 2, where o0 ¼ o. On the other hand, if Ef4Ei as in (b) of Fig. 2, the resonance
scattering is referred to as three-level resonance or ﬂuorescence.
If there is no electric quadrupole ﬁeld and the atom is exposed only to a pure magnetic ﬁeld B, such that the
ð2Jn þ 1Þ states jJnMni refer to distinctly separated energy levels as in Zeeman effect, one can envisage
resonance scattering taking place individually with each one of these taking the role of the upper level, as
shown in (a) and (b) of Fig. 2, if the condition EMn ¼ Ei þ o0 ¼ Ef þ o is satisﬁed. On the other hand, if
gBoGn, the levels are not distinct and all of them contribute coherently to form a single line. This is referred to
as quantum interference in the context of Hanle scattering, which is shown as (c) in Fig. 2. In contrast to Hanle
effect where interference occurs between magnetic substates with the same Jn, interference effects between
states with different Jn have also been observed in polarization studies of solar Ca II H-K and Na I D1 and D2
lines [13], wherein it is mentioned that this can take place even when the lines are 3.5 nm apart. The general
terminology, ‘Raman scattering’ has been employed [12,13] to denote scattering, where contributions from
several intermediate states are involved. In general, therefore, we may rewrite Eq. (21) in the form
Tfiðk;m; k0;m0Þ ¼ hcf jEðk;mÞjcvi, (39)




cvnjcni; jcvni ¼ fnhcnjAðk0;m0Þjcii, (40)ψrEr













Fig. 2. Level diagrams showing the atom–radiation interaction processes discussed in this paper. ðaÞ Two-level resonance scattering
process, ðbÞ three-level ﬂuorescence scattering process, ðcÞ Hanle scattering process in weak magnetic ﬁelds and ðdÞ the general case of
Raman scattering.
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EfoEi are referred to as anti-Stokes lines, in contrast to those with Ef4Ei referred to as Stokes lines.2.4. The dipole approximation
If we neglect the spin-dependent second term in Eq. (25) and employ dipole approximation eikr  1 in
AkmðrÞ given by Eq. (13), then we may express Eq. (24) as
hcujAðk;mÞjcli  hcuj^m  pjcli  hcljEðk; mÞjcui. (41)
In the above equation the momentum operator p ¼ ir may be replaced by ½r; H0, to obtain
hcuj^m  ½r; H0jcli  ðE l  EuÞhcujð^m  rÞjcli, (42)
if Eu; El denote the energy eigenvalues of cu;cl when considered as eigenstates of Eq. (1). We, thus, realize the
Kramers–Heisenberg form represented by Eq. (1) of [14].3. The scattering matrix for atoms in external electric quadrupole and uniform magnetic ﬁelds
The central result of the previous section is the derivation of the general expression for the on-energy-shell























m0 jcim0 j2 ¼ 1 ¼
P
m jcfmj2. On the other hand, it is more convenient to employ the density matrix
formalism [24,25,37] to describe the states of polarization of the incident and scattered radiation, as it is more
general and can handle mixed states of polarization as well.3.1. The density matrix for polarized radiation
The density matrix r for polarized radiation may be written as
r ¼ 1
2






in terms of the well-known [2] Stokes parameters ðI ¼ S0; Q ¼ S1; U ¼ S2; V ¼ S3Þ and Pauli matrices sgx ¼
sg1;s
g
y ¼ sg2; sgz ¼ sg3 and the unit matrix sg0 whose rows and columns are labeled by the left and right circular
polarization states jm ¼ 1i of radiation. Clearly,
Sp ¼ trðsgprÞ; p ¼ 0; 1; 2; 3, (47)
where tr denotes the trace or spur. A column vector S with elements Sp; p ¼ 0; 1; 2; 3 is referred to as the Stokes
vector for polarization. If we consider T in Eq. (21) as a 2 2 matrix T with elements Tmm0 	 Tfiðm;m0Þ, the
density matrix r of scattered radiation is given by
r ¼ Tr0Ty, (48)
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for the Stokes parameters of the scattered radiation, in terms of the matrix T, its hermitian conjugate Ty and
the Stokes parameters S0p0 characterizing the radiation incident on the atom.
3.2. The scattering matrix
If the Stokes vector S0 with elements ðI 0 ¼ S00; Q0 ¼ S01; U 0 ¼ S02; V 0 ¼ S03Þ, characterizes the radiation
incident on the atom, the Stokes vector S characterizing the scattered radiation may be expressed as
S ¼ RS0, (50)
where the 4 4 matrix R is referred to as the scattering matrix. Comparison of Eqs. (49) and (50) readily







ðsgpÞm00mTmm0 ðsgp0 Þm0m000 ðTyÞm000m00 , (51)
where we may use Eq. (34) for Tmm0 and note that ðTyÞm000m00 ¼ Tm00m000 , for which we may use the complex























































































































































n0Tr½Eðk;mÞGsnAðk0; m0ÞGsiAyðk0;m000ÞGsn0Eyðk;m00ÞGsf , (57)
where Tr 	Pm0
f
denotes the trace or spur of the ð2Jf þ 1Þ  ð2Jf þ 1Þ matrix within the square brackets,
which is deﬁned through matrix multiplication of the eight matrices, each of which is well deﬁned through
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Y.Y. Oo et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 108 (2007) 161–179 171Eqs. (30), (33), (36), (55), (56)) for any speciﬁed atomic transition from an initial state ci with energy Ei and
total angular momentum Ji to a ﬁnal state cf with energy Ef and total angular momentum Jf , when the atom
is exposed to a combined external electric quadrupole ﬁeld and a uniform magnetic ﬁeld. It may be noted that
si and sf are ﬁxed and the summation over n; n0 includes summation over sn; sn0 .3.3. The particular case of resonance scattering via electric dipole transitions between Ji ¼ Jf ¼ 0 and Jn ¼ 1
In this important particular case, which has often been investigated in the presence of pure magnetic ﬁelds, it
is clear that Gsi ¼ Gsf ¼ 1 in Eq. (57) and L ¼ L0 ¼ 1 in Eqs. (30) and (33), so that we may write the trace







sn0 Þm000n m0000n ½E
yðk; m00ÞEðk; mÞm0000n m00n ðG
sn Þm00nm0n . ð58Þ
We may use Eq. (30), in combination with Eq. (35), to write
½Aðk0;m0ÞAyðk0; m000Þm0nm000n ¼ jJ1ðo
0Þj2m0m000D1m0nm0 ðf
0; y0; 0ÞD1m000n m000 ðf
0; y0; 0Þ, (59)
and Eq. (33), in combination with Eq. (35), to write
½Eyðk;m00ÞEðk;mÞm0000n m00n ¼ jJ1ðoÞj
2mm00D1m0000n m00 ðf; y; 0ÞD
1
m00nm
ðf; y; 0Þ. (60)
Using Eq. (36) for ðGsn Þm00nm0n and ðG






along with ðsgp0 Þm0m000 to Eq. (59), while we

























f p0 ðla;maÞF nn0 ðla; maÞDlamama ðf




































F n;n0 ðla; maÞF n;n0 ðle; meÞ
 f pðle;meÞf p0 ðla; maÞDlememe ðf; y; 0ÞD
la
mama
ðf0; y0; 0Þ, ð63Þ
where
Fn;n0 ðl; mÞ ¼
X
m0n












Cð1; 1; l; m0;m000;mÞð1Þm000m0m000ðsgpÞm0m000 . (65)
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f 0ðl; mÞ ¼ 2ﬃﬃ3p ½dl;0 þ 1ﬃﬃ2p dl;2dm;0;
f 1ðl; mÞ ¼ dl;2½dm;2 þ dm;2;
f 2ðl; mÞ ¼ idl;2½dm;2  dm;2;





It is interesting to note that Fn;n0 ðl; mÞ, in the particular case of an atom exposed to a pure magnetic ﬁeld B
directed along ðyB;fBÞ may be written as
Fn;n0 ðl; mÞ ¼ F Mn;M 0n ðl; mÞ ¼ ð1ÞM
0





in terms of the spherical harmonics. From Eq. (63) we can recover the Hanle–Zeeman scattering matrix of
Stenﬂo [14] by setting the electric ﬁeld strength to zero, and employing Eq. (67). The proﬁle functions
appearing in Eq. (63) are in the atomic frame. To obtain the Hanle–Zeeman scattering matrix, one needs to
follow exactly the procedure outlined in [14], to transform fn to the laboratory frame through a Doppler
convolution. In the weak ﬁeld limit, we recover the well-known Hanle scattering phase matrix of M. Landi
Degl’Innocenti and E. Landi Degl’Innocenti [38], by assuming fMnf

M 0n
to be independent of Mn; M
0
n. In the
strong ﬁeld limit, gB is large compared to the line widths. Hence the three Zeeman component lines are well
separated. If we neglect the coupling between the Zeeman substates (drop the summation over n in Eq. (63), by
setting n ¼ n0), we recover the restrictive phase matrix of Obridko [39], which is basically a modiﬁed resonance
scattering by individual Zeeman components.
4. Numerical results and discussions
The calculations presented in this paper are applicable to magnetic ﬁelds of arbitrary strength, and also the
presence of quadrupole electric ﬁelds surrounding the radiating atom. To check the correctness of our
derivation, we have reproduced the results of Stenﬂo ([14], Fig. 3) for the particular case of Hanle–Zeeman
effect [40]. In weak magnetic ﬁelds, pure Hanle effect prevails. In strong ﬁelds, the Zeeman effect is the
dominant process. In intermediate ﬁelds, there is a smooth transition from weak ﬁeld Hanle effect to the
strong ﬁeld Zeeman effect. These two effects exhibit relative dominance in different regimes of ﬁeld strength,
but they fundamentally overlap over the entire regime.
We consider the simplest case of a J ¼ 0! 1! 0 type transition which produces a standard Zeeman
triplet. In this section we present the results of a single scattering experiment (see Eq. (50)). We consider a 90

















Fig. 3. Stokes proﬁles for pure magnetic ﬁeld case. Magnetic ﬁeld is oriented along the Z-axis of the ARF (see Fig. 1). The model
parameter employed are: a ¼ 0:004, the scattering geometry deﬁned by y0 ¼ 0
, f0 ¼ 0
; y ¼ 90
, f ¼ 45
, and the magnetic ﬁeld strength
deﬁned by vB ¼ 0:0008 (solid line), 0.004 (dotted line), 0.02 (dashed line), 0.1 (dash–dotted line), 0.5 (dash–double dotted line) and 2.5
(dash–triple dotted line). Notice a constant degree of linear polarization Q=I ¼ 100%.
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are nothing but ðI ; Q; U ; V Þ ¼ ðR11;R21;R31;R41Þ, which measure the maximum degree of anisotropy for a
given angle of scattering. The external magnetic ﬁeld is assumed to be oriented along the Z-axis of the ARF
(laboratory) (see Fig. 1).
The scattering is assumed to be frequency coherent in the laboratory frame. A Voigt proﬁle function with a




is employed to compute
all the results. In Section 4.1 we present the results for pure magnetic case. In Section 4.2 the results of
scattering on atom immersed in pure electric quadrupole ﬁeld is considered. Finally in Section 4.3 we consider
the combined case of uniform magnetic and quadrupole electric ﬁelds.
4.1. The pure magnetic field case
Fig. 3 shows singly scattered polarization proﬁles for this case. The ﬁeld strength B is chosen to represent
the entire regime of Hanle–Zeeman effect (vB ¼ 0:000822:5 in steps of a factor 5). The splitting parameter vB
is deﬁned as vB ¼ nL=DnD where nL ¼ eB=4pmc is the Larmor frequency. The geometry of scattering chosen by
us (y0 ¼ 0
, f0 ¼ 0
; y ¼ 90
, f ¼ 45
) corresponds to Stokes I and Q given by
I ¼ 3
8
½f1f1 þ f1f1; Q ¼ I . (68)
The proﬁle functions f1 and f1, are now in the laboratory frame. They are obtained by a convolution of the
atomic frame Lorentzian (see Eq. (22)) with the Doppler proﬁle. The real part of f1 for example, is a Voigt
function whereas the imaginary part is a Faraday–Voigt function (see [14]). In the laboratory frame the
frequency is expressed in dimensionless units ðv ¼ ðn0  nÞ=DnDÞ. Clearly, for weak ﬁelds the Zeeman splitting
is not complete. Hence the I proﬁle simply broadens without exhibiting a separation of the components. This
kind of intensity proﬁles are very typical of Hanle and Hanle–Zeeman regime in the second solar spectrum of
the Sun (see [12]). The case of vB ¼ 2:5 represents a strong ﬁeld Zeeman effect, and we clearly see a well-
separated doublet. Since the line of sight (the scattered ray) is perpendicular to the magnetic ﬁeld, according to
conventional Zeeman effect theory (Zeeman effect treated as absorption/emission), one expects a triplet
pattern in I proﬁle, and a Q proﬁle with p component having opposite polarization compared to the two s
components, along with U ¼ V ¼ 0. However, we now observe only a doublet in the I proﬁle (see Fig. 3),
showing that the mechanism involved is indeed a ‘scattering’ process and not ‘absorption followed by
uncorrelated emission’ process. With the help of classical theory of dipole scattering, one can argue that, for
90
 scattering and for a magnetic ﬁeld along the Z-axis, the p component is not excited at all by the incident
radiation. Only the components with electric vibration perpendicular to the scattering plane (containing the
incident and scattered ray) are excited, and hence the two s components appear in the I proﬁle.
From Eq. (68) and also from Fig. 3, we see that Q=I ¼ 1, i.e., independent of frequency as well as the ﬁeld
strength. In other words scattered polarization is same as the well-known non-magnetic pure Rayleigh scattering
polarization. This is to be expected, because in the weak ﬁeld regime, the Hanle effect is absent for vertical
magnetic ﬁelds, and the scattered polarization can arise only due to Rayleigh scattering process. In the strong
ﬁeld regime, both the sigma components have linear polarization of equal magnitude, and scatter independently
(see Eq. (68)). Therefore, we obtain a maximum degree of linear polarization, namely Q=I ¼ 1. We refer to this
case as ‘Zeeman scattering’ or equivalently ‘Rayleigh scattering in strong magnetic ﬁelds’ (see also [11,23]).
4.2. The case of pure electric quadrupole field
Fig. 4 shows the singly scattered Stokes proﬁles in the presence of a pure electric quadrupole ﬁeld
surrounding the atom. The single scattering experiment is considered as in the pure magnetic ﬁeld case. The
electric ﬁeld is characterized by two parameters, namely the electric splitting parameter A which is taken in the
same way as magnetic splitting parameter, namely vA ¼ 0:000822:5 in steps of 5, where vA is electric splitting
parameter in Doppler width units. The asymmetry parameter Z is ﬁxed at 1. The upper Jn ¼ 1 level splits into









, respectively (see Fig. 2c of [24]). For the scattering geometry
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Fig. 4. Stokes line proﬁles for pure quadrupolar electric ﬁeld case. The model parameters employed are: a ¼ 0:004, with the scattering
geometry y0 ¼ 0
, f0 ¼ 0
; y ¼ 90
, f ¼ 45
, and the electric ﬁeld strength deﬁned through the splitting parameter vA ¼ 0:0008 (solid line),
0.004 (dotted line), 0.02 (dashed line), 0.1 (dash–dotted line), 0.5 (dash–double dotted line) and 2.5 (dash–triple dotted line) and the
asymmetry parameter Z ¼ 1. Notice the blue shift of the proﬁles compared to the pure magnetic ﬁeld case for large values of vA (40:1).
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I ¼ 3
8
½f2f2 þ f3f3; Q ¼ 38½f2f2  f3f3;
U ¼ 3
8
½f2f3 þ f3f2; V ¼ 38i½f2f3  f3f2. ð69Þ
The proﬁle functions f2 and f3 correspond to the eigenstates c2 and c3, respectively, and are given by
f2;3 ¼ Hðv þ ð1 ZÞvA; aÞ þ 2iF ðv þ ð1 ZÞvA; aÞ, (70)
in the laboratory frame. Here H and F are the well-known Voigt and Faraday–Voigt functions [14]. From
Eq. (69), we note that U and V are generated purely due to the coupling between the eigenstates c2 and c3.
For weak electric ﬁelds ðvAo0:1Þ the shapes of the I proﬁle are not affected signiﬁcantly, when compared to
the corresponding pure magnetic case (see Fig. 3). For vA40:1 there is a blue shift compared to the pure
magnetic case, which increases gradually for larger values of vA until we get a doublet that is asymmetrically
placed about the line center. The Q=I proﬁles have an interesting shape, in the sense that they are similar to the
V=I proﬁles of the pure magnetic ﬁeld case. For vA ¼ 0:0008 and 0.004, Q=I is extremely small. As vA
increases, Q=I gradually increases, and the zero cross-over point of Q=I shifts toward the blue (see for e.g.
dash–triple dotted line in Fig. 4). U=I and V=I show interesting behavior. Unlike Q=I , the ratio U=I takes
largest value for vA ¼ 0:0008, and is entirely positive (see upper most solid line in U=I panel of Fig. 4). For
vA ¼ 0:004 (dotted line), U=I takes both positive and negative values. As vA increases we note that U=I goes to
zero in the line core (except for vA ¼ 2:5—dash–triple dotted line which shows a small positive peak around
v ¼ 2:5), and becomes entirely negative and nearly constant in the wings. The shape of V=I is similar to that of
U=I (namely, taking constant values at line core and line wings with a swift transition around v ’ 3). The
magnitude of V=I initially increases with vA and then rapidly decreases toward zero, as vA increases. For
vA40:1, the V=I is nearly zero throughout the line proﬁle (see Fig. 4).
If the mechanism involved is a pure emission process, then one would expect all the three wave functions
c1;2;3 to contribute and produce line components in Stokes I, along with Q ¼ V ¼ 0 and Ua0 (see
Eqs. (69)–(72) in [24]). However, when the interaction of radiation is treated as scattering (represented through
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c1 is not excited at all according to Eq. (69)) with Q, U and V non-zero. This is the essential difference
between the spontaneous emission process and the scattering process in quadrupole electric ﬁelds. We have
also computed the Stokes proﬁles for the Z ¼ 0:5 case, and ﬁnd that they do not differ qualitatively from Z ¼ 1
case, except for changes caused by different amount of level splitting.
4.3. The case of combined magnetic and quadrupole electric fields
In Fig. 5 we show the Stokes proﬁles for this case. We employ ratio A=B ¼ 0:5 (which deﬁnes the relative
strength of electric ﬁeld with respect to the magnetic ﬁeld), and the asymmetry parameter Z ¼ 1. The splitting
parameter vB (¼ 0:000822:5) is employed as in the pure magnetic case. The simplest geometry of the combined
magnetic and quadrupole ﬁelds with B along the Z-axis of the PAF, and PAF itself coinciding with the ARF,
is employed in the computation of the results in this section. The scattering geometry is same as in Figs. 3
and 4. The upper level Ju ¼ 1 is split into three levels n ¼ 123 with energies
E1 ¼ 2rB; E2;3 ¼ ½r  ðr2Z2 þ 1Þ1=2B, (71)
where r ¼ A=B. The corresponding eigenstates are given by (see [24])
c1 ¼ j1; 0i; c2 ¼ b1j1;1i þ b2j1; 1i; c3 ¼ b2j1;1i þ b1j1; 1i, (72)
where the interference coefﬁcients are deﬁned by
b1 ¼
rZþ 1þ ðr2Z2 þ 1Þ1=2
2½r2Z2 þ 1þ rZðr2Z2 þ 1Þ1=21=2
;
b2 ¼
rZ 1þ ðr2Z2 þ 1Þ1=2
2½r2Z2 þ 1þ rZðr2Z2 þ 1Þ1=21=2
. ð73Þ
Fig. 6 shows the energy level splitting for spin-1 upper level, exposed to the simultaneous presence of an




































Fig. 5. Stokes proﬁles for combined quadrupolar electric and uniform magnetic ﬁeld case. The ratio r ¼ A=B ¼ 0:5 and the asymmetry
parameter Z ¼ 1. Other input model parameters, scattering geometry and the line types are same as in Fig. 3.
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Y.Y. Oo et al. / Journal of Quantitative Spectroscopy & Radiative Transfer 108 (2007) 161–179176ﬁeld strength increases. It is worth noting that these levels are not pure states, but superposed states. The
cross-over occurs for only a single value of electric quadrupole ﬁeld strength at which the levels become
degenerate.
Fig. 5 presented in this paper can be interpreted using the panel (c) of Fig. 6. For r ¼ 0:5, the
energy eigenstates E1 and E2 are below the A ¼ B ¼ 0 reference line. For the geometry chosen, the state
























































































Fig. 6. Energy level diagrams showing the combined effect of magnetic and electric quadrupole ﬁelds. The panels (a–c) represent different
asymmetry parameters Z. The energies E1, E2 and E3 corresponding to the states c1, c2 and c3, respectively, are plotted. The value r ¼ 0
corresponds to the pure Zeeman case.
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and are given by













in the laboratory frame for any Z.
The Stokes I proﬁles in the combined case are quite similar in amplitude and shape to those in the pure
magnetic case, except for the position of the component lines (for vB40:1). For vB ¼ 0:0008 and 0.004 (solid
and dotted lines which nearly overlap on each other in Q=I panel of Fig. 5), the Q=I proﬁles are very different
compared to the corresponding pure electric ﬁeld case, and are entirely negative. For vB40:004, these Q=I
proﬁles resemble their corresponding counterparts of the pure electric ﬁeld case in terms of the frequency
dependence. Clearly, there is a decrease in the magnitude of Q=I when compared to both the pure magnetic
and the pure electric case.
U=I in the combined case is quite similar to the pure electric case (compare U=I in Eq. (69) with Eq. (74) for
r ¼ 0:5 and Z ¼ 1). In other words, we can conclude that for this particular geometry the entire frequency
dependence of the U=I comes from the electric ﬁeld effect. The only difference is in vB ¼ 2:5 (dash–triple
dotted line) case, wherein the small peak is enhanced as well as it is now centered around 1.5, unlike in pure
electric ﬁeld case. V=I proﬁles in combined case bear resemblance to Q=I proﬁles in shape, differing only in
magnitude and sign (for vB40:0004). Clearly, the quadrupolar electric ﬁeld produces an additional
depolarization in Q=I (compared to the Q=I of pure magnetic case in Fig. 3), and a rotation of the plane of
polarization (or generation of new U=I). Therefore in the special geometry of vertical magnetic ﬁelds
(B parallel to the Z-axis of PAF and ARF simultaneously), if one observes strong U=I and V=I signals as well
as relatively smaller Q=I signals in a 90
 scattering (e.g. as in the case of extreme limb observations of the solar
chromosphere; or like the special scattering geometry that we considered for discussion), it could indicate the
asymmetries arising from the quadrupolar electric ﬁelds surrounding the atom. Notice that in the absence of
electric ﬁelds, U=I ¼ V=I ¼ 0 and Q=I ¼ 1 for the vertical magnetic ﬁelds (see Fig. 3). Another diagnostic
indicator of quadrupolar electric ﬁelds is the net blue shift of the Stokes proﬁles, unlike the linear Stark effect
which produces symmetric shifts with respect to the line center.
For the sake of discussion, we have computed the scattered Stokes proﬁles for Z ¼ 0 also in the combined
case. This case is interesting, because, from Fig. 6 we observe that for rp0:5, the splitting is independent of Z,
namely the splitting pattern is same for both Z ¼ 0 and 1. As a result, the Stokes I for both Z ¼ 0 and 1 cases
are nearly identical. This can be understood from Eq. (74) by setting Z ¼ 0. The proﬁle functions f2;3 are now
given by Eq. (75) with Z ¼ 0. We note that the real part of f2 for Z ¼ 0 and 1, respectively, are Hðv  0:5vB; aÞ
and Hðv  0:62vB; aÞ. Similarly for f3, corresponding real parts are Hðv þ 1:5vB; aÞ and Hðv þ 1:62vB; aÞ. For
this reason, the Stokes I as well as U=I proﬁle for Z ¼ 0 and 1 are nearly identical. However the Q=I and V=I
proﬁles are quite different (see Eqs. (74)). The Q=I proﬁles of Z ¼ 0 case have shapes and magnitudes similar
to the V=I proﬁles of Fig. 4. The V=I proﬁles of Z ¼ 0 case have shapes and magnitudes similar to Q=I
proﬁles of Fig. 4, except for a sign difference.5. Conclusions
The scattering matrices for the combined effect of electric quadrupole ﬁeld and uniform magnetic ﬁelds (of
arbitrary strength) are derived using quantum electrodynamic approach. The scattering matrix for
Hanle–Zeeman effect is validated by comparing with the published results of Stenﬂo [14]. The quadrupole
electric ﬁeld is characterized by strength and asymmetry parameters, which produce unique diagnostic
signatures that may be employed to detect the electric charge distribution asymmetries in the solar
atmosphere. The theoretical formulation is quite general and can handle not only the simplest case of a triplet
ðJ ¼ 0! 1! 0Þ transition that is employed for illustrations in this paper, but also an arbitrary choice of
quantum numbers. We have demonstrated the properties of the coherence or interference phenomena, like
strong ﬁeld Zeeman scattering, Hanle and magnetic Raman scattering that are important in the interpretation
of spectral lines in the second solar spectrum.
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